We investigate collections of Nitrogen-Vacancy (N-V) Centers in diamond crystals coupled to a circuit QED system of a coplanar waveguide (CPWG) resonator. Our analysis reveals that different symmetry axes oriented N-V centers in the diamond host can be grouped into bosonic modes of collective quasi-spin wave excitations so that the hybrid system can be described as an analog of an exciton-polariton type cavity QED model. We examine such model for quantum state transfer among distinct crystallographic groups of N-V centers in a single diamond as well as two spatially distant diamonds. Rabi oscillations, mode entanglement, possible use of N-V classes as spin ensemble qubits and an implementation of continuous-time quantum random walk are discussed.
INTRODUCTION
Recent demonstrations of electronic spin ensembles, such as the electron spin of nitrogen atoms in fullerene cages and phosphorous donors in silicon, 1 as well as P1 2 and N-V centers in diamonds, 3 strongly coupled to microwave photons promise efficient implementation of quantum memories. Further progress of such hybrid systems, 4 in particular developments to couple them from microwave to visible domain would make them ideal compact and complete devices for quantum computation and communication applications.
5
To reveal the full quantum optical potential of N-V centers, we first develop a general quantum optical model taking into account all the four distinct crystallographic classes for them. N-V centers coupled to superconducting coplanar waveguide resonators are investigated for quantum state transfer among their four distinct crystallographic groups. We find that by adjusting a bias magnetic field orientation, state transfer among the crystallographic groups can be achieved. Rabi oscillations among the basis of such crystallographic classes is found. This allows for possible use of the crystallographic classes as spin ensemble qubits within a single diamond. Alternatively, we also discuss state transfer protocols between spatially distinct diamonds with N-V centers including all crystallographic classes. We argue that such a diamond network coupled with microwave cavity photons acting in between can be used as a quantum random walk system. In addition we discuss both local and distant entanglement of such crystallographic classes. Finally we also argue how to use various measurements of fidelities can be exploited to determine population distribution among the crystallographic classes.
Our methodology is based upon employing a statistical mutation transformation of the usual spin Hamiltonian for the case of a large ensemble of N-V centers. Dominant Zeeman interaction with the external bias magnetic field and the microwave cavity field is then mutated from a spin model to a fully bosonic model, similar to coupled cavities. Due to the presence of distinct crystallographic groups however the effective model resembles coupled multimode cavities. Using standard quantum optical methods after that, we determine the dark modes of the effective cavity model. The coupling between various crystallographic classes is mediated by the microwave cavity photon so that the system in fact consists of atom-molecules or strictly speaking N-V center polaritons. Our model can be treated analytically and we find simple intuitive expressions which is further analyzed to extract additional information to determine initial population distribution among the crystallographic classes from post fidelity measurements. 
HYBRID SYSTEM
The system under consideration is a hybrid of a solid state resonator and two molecular sub-systems. Molecular ensembles are formed in two diamond crystals with N-V color center defects placed at the adjacent antinodes of the magnetic field of the CPWG resonator mode as shown in Fig. 1 . Dimensions of the system are chosen in parallel to the available experimental systems [6] [7] [8] and in accordance with the physical requirements, that will be discussed in the subsequent sections, for efficient enhancement of the collective magnetic dipole coupling of the ensembles through the cavity mode. Following subsections describe the components of the hybrid system in detail.
CPWG Resonator
Coplanar waveguide resonator is a special one-dimensional superconducting transmission line resonator (TLR) depicted in Fig. 1 . It is made from a central microstripline of length L in between two ground half-plates. A one-dimensional Fabry-Perot TLR is formed due to the capacitive coupling to input and output ports. For a TLR of length L and effective dielectric constant ef f , resonator frequency of mode n is independent of the cavity width ω n /2π = nc 0 /2L √ ef f , with c 0 being the speed of light in vacuum. One-dimensional cavities offer strongly reduced mode volume for enhanced cavity-sample coupling. ef f lies between the substrate dielectric constant r and 1. Its exact expression can be determined by conformally mapping the CPWG into rectangular geometry.
9
Mode profile of the cavity is determined by assuming the cavity is shielded by metallic walls. The length of the cavity is L = λ = 25 mm. Total transverse width of the system is W = 10 μm. The central conductor and the grounding planes respectively are 4 μm and 5 μm. The substrate is GaAs with the dielectric constant s = 12.9, and of depth H = 5 μm. Central conductor is assumed to operate at the single photon regime. Quasi-static quasi-TEM modes are found by solving the Laplace equation with the metallic boundary conditions. Fringe effects and other technical complications can be studied computationally by finite element method (FEM) solvers which are available commercially. 10 For our purposes details of the field distributions near the boundaries are not required.
Another influence of the boundaries is the nonlinear response of the circuit. 11, 12 Due to small cross section of the transmission line and inhomogeneous current distribution along it, distributed inductance can have current dependent contribution. We wish to operate the cavity in single photon regime so that weak driving powers will be sufficient, as such nonlinear response can be ignored. Employing the numerical analysis method based upon Gaussian elimination technique developed for conductor backed and shielded CPWGs, 13 the usual charge field quantization of the distributed circuit model of the TLR [14] [15] [16] can be translated to quantized electric and magnetic field operators.
Striking analogies between quantized lumped circuits and cavity QED systems interacting with spins has been recognized long ago. 17, 18 There are still some challenges in quantization of lossy circuits and lossy TLRs.
19, 20
Due to the presence of input and output semi-infinite channels, the actual cavity is an open system. It has been rigorously established that cavity mode can be reliably considered to be a quantum object in a TLR, as long as the precision of the experiment is below the standard quantum limit which includes both the cavity mode and the reservoir fluctuations. 20 In the subsequent discussions, input and output reservoirs shall be ignored. Following the charge-flux fields canonical quantization scheme for a lossless TLR 21 (the alternative of number-phase fields quantization 22 may face quantum phase controversy and more suitable for Josephson Junction qubits), an equivalent circuit Lagrangian density for the TLR, defined over
where l, c are the distributed inductance and capacitance density of the TLR. Generalized Euler-Lagrange equations derived from the Hamilton's Principle leads to usual Telegraphist's equations that can be combined into a linear wave equation with wave speed parameter v = 1/ √ lc for the charge field Q. Solving the wave equation by separation of variables gives, under periodic boundary conditions and assuming charge neutrality, spatial profile of the axial distribution of the charge field in terms of even cos (jπz/L) (j: odd integer) and odd sin (jπz/L) (j: even integer) modes. Time dependent part of the charge field is canonically quantized in terms of set of harmonic oscillator modes. From the quantized charge fieldQ, distribution of the quantized voltage fieldV along the TLR can be found fromV = (1/c)(∂Q/∂z), which iŝ
In order to take into account quasi-1D nature of the TLR, a cutoff can be introduced to the upper limit of the summations.
The potential field found above is one of the boundary conditions that is used to determine quasi-TEM mode. In the single photon regime we take the rms value of the potential V 0 = hω c /2Lc on the central conductor. Using ef f ∼ 1, the fundamental cavity mode frequency becomes ω c /2π ∼ 6 GHz. Taking the cavity capacitance C = Lc = 1 pF, we find V 0 ∼ 1 μV so that single photon magnetic field strength can be estimated to be in the order of few μG, which is consistent with our numerical evaluations. The electric and magnetic fields are determined from the solution of the Laplace equation for a scalar potential U by E = −∇U and H = (ẑ × E)/Z with Z being the impedance of the medium. Following the semi-analytical solution of CPWG modes, 13 the potential above (U + ) and below (U − ) the substrate surface is written as
Using the continuity of the potential at the surface of the substrate, of thickness H, we get the relation A i = B i sinh ((2i − 1)πH/W ). Continuity of the normal electric displacement in the slots at the substrate surface, together with the given potentials on the grounding and central conductors fix the coefficients A i . On a discrete set of points x j at the surface, boundary conditions can be reduced into a linear system represents the potentials such that U 
A replacement of a 1 = −ia c is used to make the result resemble usual cavity QED form of the quantized electromagnetic field. B 0 (x, y) is determined numerically, by solving the linear equation system for A i . Longitudinal behavior of B indicates that spin ensembles need to be λ/2 apart in a cavity of length L = λ, by placing them at the adjacent magnetic field antinodes. On the other hand, the antinodes are at the cavity boundaries for the fundamental mode. To avoid the fringe effects, the samples need to be either shifted from the antinodes towards the cavity center or one can consider the second cavity mode and place the samples at the center of the slots where an antinode of the second mode lies. It is also necessary to have sufficiently small samples along the axial direction relative to the cavity length so that longitudinal variations in the coupling of individual spins to the cavity mode can be ignored. To investigate transverse variations that can arise due to the variations of the magnetic field along the gaps, we examine the numerically determined transverse mode profiles given in Fig. 2 .
Near the middle of the gaps, and towards the central conductor, the field is satisfactorily uniform in its direction. To examine the uniformity of its magnitude at the same region of the surface, field behavior is investigated by approaching to the surface as shown in Fig. 3 .
Magnetic field magnitude approaches to a plateau as the distance to the substrate surface goes to zero. This plateau, though not at the field maximum, is the same region where the field direction is uniform, and hence provides an identical magnetic coupling zone for the ensemble spins. Having fixed the transverse and longitudinal coordinates to place the spin ensembles optimally, the number of spins that can be placed in such a zone can be estimated. This shall be done in the following sub-section, where N-V centers will be introduced.
N-V Centers as Spin Ensembles
We consider N-V color center point defects in diamond (see Fig. 4) 23 as the spin ensembles in the CPWG cavity. Synthetic, Nitrogen rich (Type-1b) thin diamonds may be produced by Chemical Vapor Deposition (CVD) technique. Alternatively, nanocrystalline powders may be considered. Irradiating the sample by high dose of energetic electrons (with energies > MeV) and subsequent annealing ( > 1000 o C), damage the sample with dense vacancies trapped near the nonaggregated, substitutional, deep nitrogen impurities. N-V center concentrations up to 10 18 cm −3 are reported in the experiments. 24 From Figs. 2-3 , transverse height and width of the sample is chosen to be 1 μm and 2 μm, respectively. Taking density of N-V centers as 10 17 cm −3 , and length of the sample as 5 μm, total number of N-V centers is found to be N = 10 6 . A cavity length L = 25 mm is assumed, being same with the fundamental mode wavelength λ.
Assuming such a type-1b diamond microcrystal can be made with high density of defects, it is also demanded that the sample should be isotropically purified to reduce 13 C impurities. Though not as serious as it can be for lower density of N-V centers, it could be a source of dephasing. The major source of decoherence in high density N-V centers would be 14 N nuclei, if the efficiency of N-V center creation is not perfect. On the other hand, some nearest nuclei (abundant 13 C, 14 N, or implanted 15 N) are shown to be beneficial for two qubit operations.
25-28
In the present investigation, neither nuclear spin baths nor the single nuclear spin coupling shall be considered for simplicity.
The excited states of the N-V center are complicated due to spin-orbit, spin-spin and crystal strain influences. The ground state, however, is well established, 29, 30 it is a 3 A electron spin triplet, paramagnetic system, which is explained by a six electron model, making the defect negatively charged NV − . The upper state doublet, | X =| m s = +1 , | Y =| m s = −1 , and the lower state singlet | Z =| m s = 0 are split from each other by 2.87 GHz due to anisotropic dipolar interaction of two unpaired electrons in diamond crystal field. The ground state of a single N-V center is described by the Hamiltonian
where the hyperfine H hf , quadrupole H q and nuclear Zeeman H nZ contributions shall be neglected in the present analysis.
is the zero-field Hamiltonian withD is the zero-field splitting tensor and S is the spin-1 vector. In the molecular body frame, which is the principal axes frame with the symmetry axis being the N-V center orientation axis,D is diagonal with
Thus we get (unless otherwise notedh = 1 is used in the following
with D = 3D /2 = 2.87 GHz. The quantization axis is the same with the N-V center alignment, thus in the spin basis | m the zero-field Hamiltonian can be written, after dropping the constants, as
Coupling N-V centers to CPWG Resonator
The samples are assumed to be placed over the substrate in one of the slots of the CPWG cavity such that the crystal axis < 110 > is along the y-axis. 31 Chosen sample sizes locations makes the magnetic field is uniform and in the y-direction, over the sample. N-V center has four equivalent quantization axes [111] , [1, 1, 1] , [111] due to the C 3v symmetry, and [111] as shown in Fig. 5 . In typical experiments, external magnetic fields are used to tune one among four possible crystallographic classes to couple microwave fields. 32 This causes loss of three quarter of N-V centers in the sample for possible collective enhancement of the coupling to the cavity. It has been noted that an intriguing approach to N-V centers is to design methods to exploit all the four crystallographic classes of N-V centers in magnetometry. 32 Very recently, effect of a static magnetic field on the electron spin resonance of an ensemble of N-V centers oriented in the four possible directions in a bulk diamond has been experimentally studied. 33 These suggests that we have to carefully take into account different set of N-V centers in the spin ensembles and furthermore to check if all N-V centers can be exploited in the collective enhancement of the cavity coupling without any external detuning static magnetic fields.
In order to represent many N-V centers in different crystallographic groups, it is convenient to introduce collective spin operators as analogs of Hubbard operators in strongly correlated systems as
Here, f = 1, 2, 3, 4 is the symmetry axis label, j = 1..N f is the N-V center index, N f is the number of N-V centers aligned along the symmetry axis f , and m, n = −1, 0, 1 are the spin quantum numbers. In this notation, the total Hamiltonian becomes
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T gS, for a single spin. In the molecular frame of N-V center, g is a diagonal tensor with g ⊥ = 2.0024 and g = 2.0028. The magnetic field over the spin ensemble at the surface is uniform and aligned in the y-direction so that we represent it in the lab frame as B =Bŷ, wherê
The sign difference (±) inB is due to the placement of the spin ensembles in two adjacent antinodes separated by L/2 (L = λ). Writing B in four different molecular frames in Fig. 5 , cavity field coupling of N-V centers belonging to different crystallographic classes can be determined. In many-N-V center system, the total interaction Hamiltonian for one of the spin ensembles becomes
where
We have introduced quadrature operators Q m+1,m f as the real (Re) or imaginary (Im) parts of the corresponding Hubbard operators such that
The orientation parameter Λ f = sin θ, with θ = 35.3 o for f = 1, 2, and Λ f = 1 for f = 3, 4.
In every local quantization axis-f system, there is SU(3) symmetry of the spin-1 ensembles that can be represented by the local Hubbard operators associated with the generators of the Lie algebra. We can exploit existence of three spin-1/2 sub-groups by choosing the Gell-Mann fundamental representation of the SU(3) Lie algebra. These three spin-1/2 groups are called as isospin (T), U-spin and V-spin. In terms of Hubbard operators, the spin-1/2 operators can be defined to be
Each subgroup obeys the usual SU (2) 
, and same for u f . Clearly, the spin-1/2 sub-groups are also uncoupled from each other in this limiting case as the isospin subgroup would be weakly populated relative to N . Provided that the interaction Hamiltonian has no explicit dependence to the isospin generators, through some additional coupling mechanism between | X and | Y , one can ignore the invariant isospin subspace and trace the dynamics in the closed h 2 subspace of the contracted SU (2)⊗h 2 .
Introducing the replacements v 1,2 = −ia 1,2 , u 1,2 = ib 1,2 and v 3,4 = a 3,4 , u 3,4 = b 3,4 , the bosonic Hamiltonian can be compactly expressed to be
We define an effective number of N-V centers in a particular crystallographic class as N f = N f Λ 2 f . It can be shown that the system posses a "dark" mode, described by d f = (a f + b f )/ √ 2, uncoupled from the cavity mode. The Hamiltonian can be expressed solely in terms of the bright
We now seek similar dark modes in the total Hamiltonian, exploting the similar magnetic response of pairs of crystallographic groups (1, 2) and (3, 4) . We find the corresponding dark modes d 12 and d 34 to be
The corresponding bright modes c 12 and c 34 becomes
Continuing with that strategy, we finally find the collective dark mode d NV and the bright mode c NV of the N-V centers of different crystallographic classes such that
where an effective total number of N-V centers is defined to be
The given form of c NV emphasizes the pairwise grouping of equivalent classes (1, 2) and (3, 4) . In terms of the single classes, the expression simplifies to
If N is sufficiently large, it may be assumed that N f = N/4. In that case these expressions are greatly simplified, and becomes independent of the number of N-V centers such that 
In terms of the quasi-spin wave operators we get, for the c NV ,
Let us now consider two N-V center ensembles, (labeled by A and B), placed at the adjacent antinodes in the cavity magnetic field. In that case the total Hamiltonian can be written in terms of the bright N-V center mode operators described above. Introducing a, b operators, replacing the c
CONCLUSION
Summarizing, we have examined the two N-V center ensembles placed in a CPWG cavity. All the crystallographic classes of the N-V centers are taken into account in the analysis. By recognizing a series of invariant subspaces in the total Hilbert space, the dynamics of the system is completely specified by introducing the collective N-V center-polaritons. Such a model can be utilized for quantum random walk demonstration in a network of N-V centers in diamond crystals coupled to superconduciing coplanar waveguide resonators. The state transfer and mode entanglement between two distant N-V center ensembles as well as between distinct crystallographic groups in a single diamond crystal are revealed by using Fröchlich transformation for the cavity field mediated interaction between the spin ensembles. Effects of geometric factors and populations on the Rabi oscillations and fidelities of the state transfer are found.
